ABSTRACT. In this paper we study how prime filtrations and squarefree Stanley decompositions of squarefree modules over the polynomial ring and the exterior algebra behave with respect to Alexander duality.
INTRODUCTION
Let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring in n variables. The ring S is naturally N n -graded. Yanagawa [27] introduced squarefree S-modules which generalizes the concept of Stanley-Reisner rings. A finitely generated N n -graded S-module M = a∈N n M a is squarefree if the multiplication map M a → M a+ε i , m → mx i , is bijective for all a ∈ N n and all i ∈ supp(a). Römer defined in [18] the Alexander dual M ∨ for a squarefree S-module M. The definition refers to exterior algebras. Let E be the exterior algebra over an n-dimensional K-vector space V . A finitely generated N n -graded E-module N = a∈N n N a is called squarefree if it has only squarefree components. By [18, Corollary 1.6 ] the category of squarefree S-modules is equivalent to the category of squarefree E-modules. For an N n -graded E-module N the E-dual of N is the graded dual N ∨ = Hom E (N, E). Let M be a squarefree S-module and N its corresponding squarefree E-module. Then M ∨ is defined to be the squarefree S-module corresponding to N ∨ . In the first section of this paper we recall some basic notion and definitions about squarefree S-modules and E-modules. In Section 2 we study prime filtrations of squarefree S-modules and E-modules. As a main result of this section we prove that for a squarefree S-module M there exists a chain 0 ⊂ In last section we study Stanley decompositions of finitely generated Z n -graded S-modules. Let m ∈ M be a homogeneous element and Z ⊂ {x 1 , . . . , x n } = X . We denote by mK [Z] the Ksubspace of M generated by all homogeneous elements of the form mu, where u is a monomial in K [Z] . The K-subspace mK [Z] is called a Stanley space of dimension |Z| if mu = 0 for all nonzero monomial u ∈ K [Z] . Here |Z| denote the cardinality of Z. A homogeneous element m ∈ M is called squarefree if deg(m) = (a 1 , . . . , a n ) ∈ {0, 1} n . The Stanley space mK [Z] 
To prove this we show in Proposition 3.5 that the correspomding result is true for squarefree E-modules. As corollaries of Theorem 3.7 we show that Stanley's conjecture on Stanley decompositions holds for a squarefree S-module M if and only if M ∨ has a Stanley decomposition 
Due to these facts we conjecture (Conjecture 3.10) that any Z n -graded S-module M has a Stan-
In some cases we can show that this conjecture holds.
SQUAREFREE MODULES AND ALEXANDER DUAL
We fix some notation and recall some definitions. For a = (a 1 , . . . , a n ) ∈ Z n , we say a is squarefree if a i = 0 or a i = 1 for i = 1, . . . , n. We set supp(a) = {i : a i = 0} ⊂ [n] = {1, . . . , n} and |a| = ∑ n i=1 a i . Occasionally we identify a squarefree vector a with supp(a). Let ε i = (0 . . . , 1, . . . , 0) ∈ N n be the vector with 1 at the i-th position. Let M = a∈Z n M a be an Z n -graded K-vector space. For simplicity set supp(m) = supp(deg m) and |m| = | deg m| for any homogeneous element m ∈ M . A homogeneous element m ∈ M is called squarefree if deg m ∈ {0, 1} n .
Let K be a field and S = K[x 1 , . . . , x n ] the symmetric algebra over K. Consider the natural N ngrading on S. For a monomial x a 1 1 · · · x a n n with a = (a 1 , . . . , a n ) we set x a , and for
Let V be an n-dimensional K-vector space with basis e 1 , . . . , e n . We denote by E = K e 1 , . . . , e n the exterior algebra over V . The algebra E is a naturally N n -graded K-algebra with deg e i = ε i . Let
. Then e F = e j 1 ∧ e j 2 ∧ . . . ∧ e j k is called a monomial in E. It is easy to see that the elements e F , with F ⊂ [n] form a K-basis of E. Here we set e F = 1, if F = / 0. For any a ∈ N n we set e a = e supp(a) .
A 
The following definition is due to Yanagawa [27] . 
Since dim K (J/I) a ≤ 1 for all a ∈ N n , the N n -graded S-module J/I is squarefree if and only if the multiplication map
is injective for all i ∈ supp(m) and all a ∈ N n . It is easy to see that if M is a squarefree S-module, then dim K M a = dim K M supp(a) for any a ∈ N n , and M is generated by its squarefree parts
Next we recall the following definition which is due to T. Römer [18] .
Definition 1.4. A finitely generated N n -graded E-module N = a∈N n N a is called squarefree if it has only squarefree components.
For example the exterior face ring K{∆} of a simplicial complex ∆ is a squarefree E-module.
We denote by SQ(S) the abelian category of the squarefree S-modules, where the morphisms are the N n -graded homogeneous homomorphisms and denote by SQ(E) the abelian category of squarefree E-modules, where the morphisms are the N n -graded homogeneous homomorphisms. Römer [ 
where
The definition of θ F does not depend on the particular presentation of m as a homogeneous linear combination of the m i . In particular, we have that
We set M sq = F M F and define the isomorphism of graded K-vector spaces θ : M sq → N by requiring that θ (m) = θ F (m) for all m ∈ M F . Now Formula (1) can be extended as follows: 
Proof. Let m 1 , . . . , m t be a minimal homogeneous system of generators of M and let n 1 , . . . , n t be the corresponding minimal homogeneous system of generators of N with θ (m i ) = n i . Let 
On the other hand
In the category of squarefree E-modules the graded E-dual is defined to be
The following theorem is important for the main result of this paper.
is a functorial isomorphism of Z n -graded E-modules. In particular if N is squarefree E-module, then N ∨ is again squarefree and η is a functorial isomorphism of squarefree E-modules.
In [18] , the Alexander dual of a squarefree S-module is defined as follows: 
PRIME FILTRATIONS AND ALEXANDER DUALITY
Let S = K[x 1 , . . . , x n ] be the polynomial ring in n variables over a field K and M a finitely generated Z n -graded S-module. It is known that the associated prime ideals of M are monomial ideals, and any monomial prime ideal is of the form P F = (
If M is a finitely generated Z n -graded S-module, then a prime filtration of M always exists, see [15, Theorem 6.4] .
We shall need the following Lemma 2.1. Let M ⊂ M ′ be two squarefree S-modules and N ⊂ N ′ be two squarefree E-modules.
0. Let i ∈ G ∩ F and let f the homogeneous generator of M ′ /M. Since M ′ /M is squarefree, and since deg f = G it it follows that x i f = 0, a contradiction.
(b) Since F is an exact functor it suffices to show that F(S/P F (−G)) = E/P F∪G (−G). But this follows immediately from the Aramova-Avramov-Herzog complex [1, Theorem 1.3] by which Römer defined the functor F in [18] .
(c) follows form (b) by using the fact that the functors F and G are inverse to each other.
Applying this lemma we get the following short exact sequence
Since Hom E (−, E) is an contravariant exact functor, from the above short exact sequence we obtain the short exact sequence
On the other hand Hom
We conclude that the natural map α :
∨ is an epimorphism with Ker(α) ∼ = E/P F∪G (−F). 
Proof. It is enough to prove one direction of the assertion, because
From the observation above we see that for each i there is an epimorphism α i : 
with exact rows, where the ι j are inclusion maps.
Now we can prove the corresponding result for squarefree S-modules.
Theorem 2.3. Let M be a squarefree S-module and M ∨ its Alexander dual. Then there exists a chain
0 ⊂ M 1 ⊂ · · · ⊂ M r = M
of squarefree submodules of M with M i /M i−1 ∼ = S/P F i (−G i ) if and only if there exists a chain
Proof. Again it is enough to prove one direction of the assertion, because (M ∨ ) ∨ = M. From the given chain of submodules of M we get a chain
of squarefree E-modules with We now explain what Theorem 2.3 means in the special case that M = J/I where I ⊂ J ⊂ S are squarefree monomial ideals. To this end we introduce the following notation: let I ⊂ S be a squarefree monomial ideal and ∆ be the simplicial complex such that I = I ∆ . We setĨ = I ∆ ∨ . ThenĨ = I since (∆ ∨ ) ∨ = ∆, and if I ⊂ J are two squarefree monomial ideals, thenJ ⊂Ĩ and (J/I) ∨ =Ĩ/J. 
STANLEY DECOMPOSITIONS AND ALEXANDER DUALITY
In [21, Conjecture 5.1] Stanley conjectured the following: let R be a finitely generated N ngraded K-algebra (where R 0 = K as usual), and let M be a finitely generated Z n -graded R-module. Then there exist finitely many subalgebras S 1 , . . . , S t of R, each generated by algebraically independent N n -homogeneous elements of R, and there exist Z n -homogeneous elements m 1 , . . . , m t of M, such that
where dim S i ≥ depth M for all i, and where m i S i is a free S i -module (of rank one). Moreover, if K is infinite and under a given specialization to an N-grading R is generated by R 1 , then we can choose the (N n -homogeneous) generators of each S i to lie in R 1 .
Stanley's conjecture has been studied in several articles, see for examples [5] , [6] , [20] , [13] , [3] , [4] , [17] and [24] .
We consider this conjecture in the case that M is a finitely generated Z n -graded S-module, where It is known that the number of Stanley space of maximal dimension is independent of the special Stanley decomposition, see [20, 1018] . Apel [6] showed that if I ⊂ S is a monomial ideal, then sdepth(S/I) ≤ min{dim(S/P) : P ∈ Ass(S/I)}.
The same result is true for any finitely generated an associated prime such that dim(S/P) = min{dim(S/Q) : Q ∈ Ass(M)}. Since P ∈ Ass(M), there exists a nonzero homogeneous element m ∈ M such that P = Ann(m). On the other hand since 0 = m ∈ M, there exists a unique 1 
a Stanley decomposition of M where m i ∈ M i is a homogeneous element of degree a i such that
The following result is a generalization of [13, Lemma 3.1]. Again we omit the proof because the arguments are analogue to those in the proof of [13, Lemma 3.1]. Let E = K e 1 , . . . , e n be the exterior algebra over an n-dimensional K-vector space V and N a finitely generated N n -graded E-module. Let n ∈ N be a homogeneous element and A ⊂ {e 1 , . . . , e n }. We set supp(n) = supp(deg(n)) and supp(A) = { j : e j ∈ A}. We denote by nK A the the K-subspace of N generated by all homogeneous elements of the form ne F , where e F ∈ K A . If the elements ne F with F ∈ supp(A) form a K-basis of nK A , then we call nK A a Stanley space of dimension |A|.
Proposition 3.2. Let M be a finitely generated N n -graded S-module. Then M has a squarefree Stanley decomposition if and only if M is a squarefree S-module.
In case N is a squarefree and nK A ⊂ N is a Stanley space we have that supp(n) is squarefree and supp(n) ∩ supp(A) = / 0. A direct sum N = 
Proof. By Theorem 1.6 we have N ∨ ∼ = N * = Hom K (N, K(−1)). Hence we will show the assertion for
0 and the elements n i e H with H ⊆ G i form a K-basis of n i K A i . Consequently, the dual elements (n i e H ) * form a K-basis of (n i K A i ) * .
and for any j = i and all T ⊂ G j one has (b i e H )(n j e T ) = ±b i (n j e T e H ) = 0. This shows that
Let M be a squarefree S-module and let N be its corresponding squarefree E-module. In Section 1 we showed that there is an isomorphism θ : M sq → N of graded K-vector spaces. We will use this isomorphism to describe in the next lemma the relationship between squarefree Stanley decompositions of M and Stanley decompositions of N.
squarefree Stanley decomposition of M and
A i = {e j : j ∈ supp(Z i ) \ supp(m i )}. Then N = t i=1 n i K A i is a Stanley decomposition of N, where n i = θ (m i ) ∈ N for i = 1, . . . ,t. (b) Conversely, if N = t i=1 n i K A i
is a Stanley decomposition of N and
forms a K-basis of M sq , and hence
Since θ −1 (n i e F ) = 0 and since M is squarefree and supp(a ′ ) ⊂ supp(θ −1 (n i e F )), one has m i x a = 0. Therefore
Now we will present the main result of this section. [25] proj dim(S/I ∆ ) = reg(I ∆ ∨ ) for any simplicial complex ∆.
On the other hand by Corollary 3.8 the Cohen-Macaulay simplicial complex ∆ is partitionable if and only if I ∆ ∨ has a squarefree Stanley decomposition Corollary 3.9 shows that Stanley's conjecture which says that any Cohen-Macaulay simplicial complex is patitionable is equivalent to say that any squarefree monomial ideal I ⊂ S which has a linear resolution has a Stanley decomposition
This results lead us to make the following conjecture which in the case of squarefree N n -graded S-module is equivalent to Stanley's conjecture on Stanley decompositions. Let M be a finitely generated N n -graded S-module which is generated by homogeneous elements n 1 , . . . , Let I ⊂ S = K[x 1 , . . . , x n ] be a monomial ideal. Apel [5] proved that if depth(I) ≤ 2 or n ≤ 3, then Stanley's conjecture holds for I. Also if n ≤ 3, then Stanley's conjecture holds for S/I, see [6] or [20] . Furthermore in [13] the authors showed that Stanley' conjecture holds for S/I if I is a complete intersection, S/I is Cohen-Macaulay of codimension 2, or S/I is Gorenstein of codimension 3. If I = I ∆ is a squarefree monomial ideal, then proj dim(I ∆ ) = reg(S/I ∆ ∨ ). The discussions above together with Corollary 3.8 yield the following: Let I = (u 1 , . . . , u m ) be a monomial ideal in S. According to [14] , the monomial ideal I has linear quotients if one can order the set of minimal generators of I, G(I) = {u 1 , . . . , u m }, such that the ideal (u 1 , . . . , u i−1 ) : u i is generated by a subset of the variables for i = 2, . . . , m. In [11] it was shown that if I is monomial ideal with 2-linear resolution, then I has linear quotients. Therefore Stanley's conjecture on Stanley decompositions and Conjecture 3.10 holds for such monomial ideals.
